
• Expectation values

〈Q〉(t) =

∫

dxΨ∗(x, t)(QΨ(x, t))

• Time evolution of expectation value. For Q Hermitian

d
i! ,
d
〈Q Q
t

〉 =
〈

[ H ]
〉

• Commutator identity

[A,BC] = [A,B]C +B[A,C]

• Uncertainty ∆Q of a Hermitian operator Q

(∆Q)2 = 〈Q2〉 − 〈Q〉2 =
〈

(Q− 〈Q〉)2
〉

• Uncertainty principle: ∆x∆p ≥ !

2

∆x =
∆√ !

and ∆p =
2

√ 1
for ψ

2∆
∼ exp

(

− x2

2∆2

)

• Stationary state:

!2

Ψ(x, t) = ψ(x)e−iEt/! , −
2m

d2
ψ(x) + V (x)ψ(x) = E ψ(x)

dx2

• Infinite square well
{

0 , for 0 < x < a,
V (x) =

∞ otherwise

ψn(x) =

√

2

a
sin

nπx

a
, En =

!2π2n2

, n = 1, 2, . . .
2ma2

• Finite square well bound states: E ≤ 0
{

−V0 , for x
V (x) =

| | < a, V0 > 0

0 for |x| > a

2m(E + V 2

η2 ≡ 0)a 2
, ξ2

m

!2

|E|a2≡ 2
, z2

mV

!2 0 ≡ 0a2

!2

→ |E|
V0

=
ξ2

, ξ2 + η2 = z2
z2 0
0

Even solutions: ξ = η tan η

Odd solutions: ξ = −η cot η

• Delta function potential:

mα2

V = −α δ(x), α > 0, Bound state: E = −
2!2

3

• Harmonic Oscillator

1
Ĥ =

1
p̂2 +

2m
ˆmω2x̂2 = !ω (N + 1

2
ˆ) , N = â†â2

â =

√

mω

2!

(

x̂+
ip̂

mω

)

, â† =

√

mω

2!

(

x̂− ip̂
,

mω

)

x̂ =

√

!
(â + â†) , p̂ = i

2mω

√

mω!
(â† − â) ,

2

x, p i! , a, a† , N̂ , a −a , N̂[ˆ ]̂ = [ˆ ˆ ] = 1 [ ˆ ] = ˆ [ , â† ] = â† .

ω
âφ0 = 0 , φ0( ) =

(m
x

1

π!

) /4
exp

( mω− x2

2!

)

.

1
φn = √ (a†)nφ0

n!

Ĥ φn = En φn = !ω
(

n + 1 φ2

)

n , N̂ φn = nφn , (φm ,φn) = δmn

â†φn =
√
n+ 1φn+1 , âφn =

√
nφn−1 .

• Positive energy states

!
ψ(x) = Aeikx +Be−ikx k

, J =
m

(

|A|2 − |B|2
)

, E =
!2k2

2m

• Scattering in 1D. V (x) = ∞ for x ≤ 0. Solution φ(x) = sin kx when V = 0.

ψ(x) = eiδ sin(kx+ δ) , x > R (R is the range)

Scattered wave: ψ = φ+ ψs

ψ i
s = Ase

kx , As = eiδ sin δ

dδ
Time delay: ∆t = 2!

dE
→ 1

R

dδ ∆t
=

dk free transit time
1

Nbound = δ(0)− δ(∞)
π

Resonances: Rapid growth in δ

(

, large time d

)

(Levinson’s theorem)

elay, large amplitude in the inner region.

4

Formula Sheet

• !c ! 197.3 MeV · fm , m 2
ec ! 0.511 MeV , mpc2 = 938 MeV , e2

!c ! 1
137

• Relativity: p = γmv , E = γmc2 , E2 = p2c2 +m2c4 , γ = 1√ ,
1−β2

β = v
c

• Photons: E = hν , p = h , or E = !ω , p = !kλ

• Wavelengths
h

de Broglie: λ =
h

, Compton: λC =
p

.
mc

• Momentum and position operators

!
p =

i

∂

∂x
, [x, p ] = i! , p =

! !
,

i
∇ [xi, pj ] = i! δij , [ pi, f(x)] =

i

∂f

∂xi

• Schrödinger equation

∂Ψ
i!
∂t

(x, t) =
(

− !2
2

2m
∇ + V (x, t)

)

Ψ(x, t) ,

∂
ρ(x, t) +

∂t
∇ · J(x, t) = 0

!
ρ(x, t) = |Ψ(x, t)|2 ; J(x, t) = Im [Ψ∗

m
∇Ψ]

• Fourier transforms:

1
Ψ(x) = √ 1

d
2π

∫

kΦ(k)eikx , Φ(k) = √
∫

dxΨ(x)e−ikx ,

∫

dx |Ψ(x)
2π

|2 =
∫

dk |Φ(k)|2

1
Ψ(x) =

(2π)
3

1
d

2

∫

3kΦ(k)eik·x , Φ(k) =
(2π)

3
d

2

∫

3xΨ(x)e−ik·x ,

∫

d3x |Ψ(x)|2 =
∫

d3k |Φ(k)|2

1 ∞

2π

∫

eikx
1

dx = δ(k) ,
−∞

∫ ∞

eik·x d3x = δ(3)(k)
(2π)3 −∞

∫ +∞

dx exp
−∞

(

−ax2 + bx
)

=

√

π

a
exp
( b2 )

, when Re(a) > 0 .
4a

• Wavepackets

dω
vgroup = , ∆k∆x

k
! 1 , shape preserving : t∆v

d
≤ ∆x

• Hermitian conjugation:
∫

dx (KΨ(x, t))∗Ψ(x, t) =

∫

dxΨ∗(x, t) (K†Ψ(x, t))

If K† = K, then K is Hermitian.
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• Expectation values

〈Q〉(t) =

∫

dxΨ∗(x, t)(QΨ(x, t))

• Time evolution of expectation value. For Q Hermitian

d
i! ,
d
〈Q Q
t

〉 =
〈

[ H ]
〉

• Commutator identity

[A,BC] = [A,B]C +B[A,C]

• Uncertainty ∆Q of a Hermitian operator Q

(∆Q)2 = 〈Q2〉 − 〈Q〉2 =
〈

(Q− 〈Q〉)2
〉

• Uncertainty principle: ∆x∆p ≥ !

2

∆x =
∆√ !

and ∆p =
2

√ 1
for ψ

2∆
∼ exp

(

− x2

2∆2

)

• Stationary state:

!2

Ψ(x, t) = ψ(x)e−iEt/! , −
2m

d2
ψ(x) + V (x)ψ(x) = E ψ(x)

dx2

• Infinite square well
{

0 , for 0 < x < a,
V (x) =

∞ otherwise

ψn(x) =

√

2

a
sin

nπx

a
, En =

!2π2n2

, n = 1, 2, . . .
2ma2

• Finite square well bound states: E ≤ 0
{

−V0 , for x
V (x) =

| | < a, V0 > 0

0 for |x| > a

2m(E + V 2

η2 ≡ 0)a 2
, ξ2

m

!2

|E|a2≡ 2
, z2

mV

!2 0 ≡ 0a2

!2

→ |E|
V0

=
ξ2

, ξ2 + η2 = z2
z2 0
0

Even solutions: ξ = η tan η

Odd solutions: ξ = −η cot η

• Delta function potential:

mα2

V = −α δ(x), α > 0, Bound state: E = −
2!2

3

• Expectation values

〈Q〉(t) =

∫

dxΨ∗(x, t)(QΨ(x, t))

• Time evolution of expectation value. For Q Hermitian

d
i! ,
d
〈Q Q
t

〉 =
〈

[ H ]
〉

• Commutator identity

[A,BC] = [A,B]C +B[A,C]

• Uncertainty ∆Q of a Hermitian operator Q

(∆Q)2 = 〈Q2〉 − 〈Q〉2 =
〈

(Q− 〈Q〉)2
〉

• Uncertainty principle: ∆x∆p ≥ !

2

∆x =
∆√ !

and ∆p =
2

√ 1
for ψ

2∆
∼ exp

(

− x2

2∆2

)

• Stationary state:

!2

Ψ(x, t) = ψ(x)e−iEt/! , −
2m

d2
ψ(x) + V (x)ψ(x) = E ψ(x)

dx2

• Infinite square well
{

0 , for 0 < x < a,
V (x) =

∞ otherwise

ψn(x) =

√

2

a
sin

nπx

a
, En =

!2π2n2

, n = 1, 2, . . .
2ma2

• Finite square well bound states: E ≤ 0
{

−V0 , for x
V (x) =

| | < a, V0 > 0

0 for |x| > a

2m(E + V 2

η2 ≡ 0)a 2
, ξ2

m

!2

|E|a2≡ 2
, z2

mV

!2 0 ≡ 0a2

!2

→ |E|
V0

=
ξ2

, ξ2 + η2 = z2
z2 0
0

Even solutions: ξ = η tan η

Odd solutions: ξ = −η cot η

• Delta function potential:

mα2

V = −α δ(x), α > 0, Bound state: E = −
2!2

3

• Expectation values

〈Q〉(t) =

∫

dxΨ∗(x, t)(QΨ(x, t))

• Time evolution of expectation value. For Q Hermitian

d
i! ,
d
〈Q Q
t

〉 =
〈

[ H ]
〉

• Commutator identity

[A,BC] = [A,B]C +B[A,C]

• Uncertainty ∆Q of a Hermitian operator Q

(∆Q)2 = 〈Q2〉 − 〈Q〉2 =
〈

(Q− 〈Q〉)2
〉

• Uncertainty principle: ∆x∆p ≥ !

2

∆x =
∆√ !

and ∆p =
2

√ 1
for ψ

2∆
∼ exp

(

− x2

2∆2

)

• Stationary state:

!2

Ψ(x, t) = ψ(x)e−iEt/! , −
2m

d2
ψ(x) + V (x)ψ(x) = E ψ(x)

dx2

• Infinite square well
{

0 , for 0 < x < a,
V (x) =

∞ otherwise

ψn(x) =

√

2

a
sin

nπx

a
, En =

!2π2n2

, n = 1, 2, . . .
2ma2

• Finite square well bound states: E ≤ 0
{

−V0 , for x
V (x) =

| | < a, V0 > 0

0 for |x| > a

2m(E + V 2

η2 ≡ 0)a 2
, ξ2

m

!2

|E|a2≡ 2
, z2

mV

!2 0 ≡ 0a2

!2

→ |E|
V0

=
ξ2

, ξ2 + η2 = z2
z2 0
0

Even solutions: ξ = η tan η

Odd solutions: ξ = −η cot η

• Delta function potential:

mα2

V = −α δ(x), α > 0, Bound state: E = −
2!2

3

• Expectation values

〈Q〉(t) =

∫

dxΨ∗(x, t)(QΨ(x, t))

• Time evolution of expectation value. For Q Hermitian

d
i! ,
d
〈Q Q
t

〉 =
〈

[ H ]
〉

• Commutator identity

[A,BC] = [A,B]C +B[A,C]

• Uncertainty ∆Q of a Hermitian operator Q

(∆Q)2 = 〈Q2〉 − 〈Q〉2 =
〈

(Q− 〈Q〉)2
〉

• Uncertainty principle: ∆x∆p ≥ !

2

∆x =
∆√ !

and ∆p =
2

√ 1
for ψ

2∆
∼ exp

(

− x2

2∆2

)

• Stationary state:

!2

Ψ(x, t) = ψ(x)e−iEt/! , −
2m

d2
ψ(x) + V (x)ψ(x) = E ψ(x)

dx2

• Infinite square well
{

0 , for 0 < x < a,
V (x) =

∞ otherwise

ψn(x) =

√

2

a
sin

nπx

a
, En =

!2π2n2

, n = 1, 2, . . .
2ma2

• Finite square well bound states: E ≤ 0
{

−V0 , for x
V (x) =

| | < a, V0 > 0

0 for |x| > a

2m(E + V 2

η2 ≡ 0)a 2
, ξ2

m

!2

|E|a2≡ 2
, z2

mV

!2 0 ≡ 0a2

!2

→ |E|
V0

=
ξ2

, ξ2 + η2 = z2
z2 0
0

Even solutions: ξ = η tan η

Odd solutions: ξ = −η cot η

• Delta function potential:

mα2

V = −α δ(x), α > 0, Bound state: E = −
2!2

3

• Expectation values

〈Q〉(t) =

∫

dxΨ∗(x, t)(QΨ(x, t))

• Time evolution of expectation value. For Q Hermitian

d
i! ,
d
〈Q Q
t

〉 =
〈

[ H ]
〉

• Commutator identity

[A,BC] = [A,B]C +B[A,C]

• Uncertainty ∆Q of a Hermitian operator Q

(∆Q)2 = 〈Q2〉 − 〈Q〉2 =
〈

(Q− 〈Q〉)2
〉

• Uncertainty principle: ∆x∆p ≥ !

2

∆x =
∆√ !

and ∆p =
2

√ 1
for ψ

2∆
∼ exp

(

− x2

2∆2

)

• Stationary state:

!2

Ψ(x, t) = ψ(x)e−iEt/! , −
2m

d2
ψ(x) + V (x)ψ(x) = E ψ(x)

dx2

• Infinite square well
{

0 , for 0 < x < a,
V (x) =

∞ otherwise

ψn(x) =

√

2

a
sin

nπx

a
, En =

!2π2n2

, n = 1, 2, . . .
2ma2

• Finite square well bound states: E ≤ 0
{

−V0 , for x
V (x) =

| | < a, V0 > 0

0 for |x| > a

2m(E + V 2

η2 ≡ 0)a 2
, ξ2

m

!2

|E|a2≡ 2
, z2

mV

!2 0 ≡ 0a2

!2

→ |E|
V0

=
ξ2

, ξ2 + η2 = z2
z2 0
0

Even solutions: ξ = η tan η

Odd solutions: ξ = −η cot η

• Delta function potential:

mα2

V = −α δ(x), α > 0, Bound state: E = −
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(Ehrenfest thm)

• Harmonic Oscillator

1
Ĥ =

1
p̂2 +

2m
ˆmω2x̂2 = !ω (N + 1

2
ˆ) , N = â†â2

â =

√

mω

2!

(

x̂+
ip̂

mω

)

, â† =

√

mω

2!

(

x̂− ip̂
,

mω

)

x̂ =

√

!
(â + â†) , p̂ = i

2mω

√

mω!
(â† − â) ,

2

x, p i! , a, a† , N̂ , a −a , N̂[ˆ ]̂ = [ˆ ˆ ] = 1 [ ˆ ] = ˆ [ , â† ] = â† .

ω
âφ0 = 0 , φ0( ) =

(m
x

1

π!

) /4
exp

( mω− x2

2!

)

.

1
φn = √ (a†)nφ0

n!

Ĥ φn = En φn = !ω
(

n + 1 φ2

)

n , N̂ φn = nφn , (φm ,φn) = δmn

â†φn =
√
n+ 1φn+1 , âφn =

√
nφn−1 .

• Positive energy states

!
ψ(x) = Aeikx +Be−ikx k

, J =
m

(

|A|2 − |B|2
)

, E =
!2k2

2m

• Scattering in 1D. V (x) = ∞ for x ≤ 0. Solution φ(x) = sin kx when V = 0.

ψ(x) = eiδ sin(kx+ δ) , x > R (R is the range)

Scattered wave: ψ = φ+ ψs

ψ i
s = Ase

kx , As = eiδ sin δ

dδ
Time delay: ∆t = 2!

dE
→ 1

R

dδ ∆t
=

dk free transit time
1

Nbound = δ(0)− δ(∞)
π

Resonances: Rapid growth in δ

(

, large time d

)

(Levinson’s theorem)

elay, large amplitude in the inner region.

4

ϕ1(x) = (mω
πℏ )

1/4 2mω
ℏ

x exp( −
mω
2ℏ

x2)
ϕ2(x) = −

1

2 ( mω
πℏ )

1/4

(1 − 2
mω
ℏ

x2) exp( −
mω
2ℏ

x2)
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• Hydrogen atom:
p2 Ze2

H =
2m

−
r

Z2e2 1 !2 e2
En = − , a0 = " 0.529× 10−10m , 13.6 eV

2a 2 2
0 n me 2a0

"

! Zr

ψn,!,m("x) = A
(

r r
0

)

(

Polynomial in
0
of degree n− (#+ 1)

)

e−na0 Y!,m(θ,φ)a a

n = 1, 2, . . . , # = 0, 1, . . . , n− 1 , m = −#, . . . , #

un!(r)
ψn,!,m("x) = Y!,m(θ,φ)

r
2r

u1,0(r) = exp( r/a0)3/2a0
−

2r r
u2,0(r) = 1 exp( r/2a0)

(2a0)3/2

(

−
2a0

)

−

1 1 r2
u2,1(r) = √ exp( r/2a0)

3 (2a 3
0) /2 a0

−
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• Orbital angular momentum

L̂x = ŷ p̂z − ˆ ˆẑ p̂y , Ly = ẑ p̂x − x̂ p̂z , Lz = x̂ p̂y − ŷ p̂x .

L̂ , L̂ i! L̂ , L̂ , L̂ i! L̂ L̂[ x y ] = z [ y z ] = x , ˆ[ ! ˆ
z , Lx ] = i Ly .

L̂2 ≡ L̂ ˆ
xL ˆ

x + L ˆ
yL ˆ

y + LzL̂z , ˆ[L2 , L̂i ] = 0

∇2 1
=

r

∂2

∂r2
r +

1

r2

(

∂2

∂θ2
+ cot θ

∂

∂θ
+

1 ∂2

sin2 θ ∂φ2

)

∂
L̂2 = − 2

!

(

2 ∂ 1 ∂2
+ cot θ +

∂θ2 ∂θ sin2 θ ∂φ2

)

!
L̂z =

i

∂
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